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Abstract 

The product spacetimes of constant curvature describe in the Einstein gravity, 
which is hnear in the Riemann curvature, the Nariai metric which is a solution of 
the A- vacuum when the two curvatures are equal, ki = k2, while it is the Bertotti- 
Robinson metric describing the uniform electric field when the curvatures are equal 
and opposite, ki = —k2- We prove that this is indeed true in general for the pure 
Lovelock gravity of any order N , where the action involves only the A^th order term 
in the Lovelock Lagrangian, va d= 2N + 2 dimension. We thus establish universality 
of these spacetimes for the pure Lovelock gravity. Besides we also discuss some other 
interesting aspects including some new pure Lovelock vacuum solutions of the type 
{dS/AdS)2 X E'^~'^ and x K^'"^ where M, E and K refer respectively to Minkowski, 
Euclidean and space of constant curvature. We also consider these product spacetimes 
in full generality for the Einstein-Guass-Bonnet gravity. 
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1 Introduction 



It has recently been established [T] that the pure Lovelock gavity which is the iVth 
order polynomial in Riemann curvature has universal behaviour in d = 2N+1, 2N + 2 
dimensions where A'^ = 1 is the usual Einstein gravity. For instance, it is well known 
that vacuum is trivial flat in 3 dimension; i.e. Rab = implies Rated = while it 
becomes dynamical in 4 dimension. By universality we mean that this is true in 
general for any Lovelock order A^. That is, vacuum as defined by R^^^^ = is the 
Lovelock flat, -R^^)^ = in the critical odd dimension d = 2N + 1. Here A^th order 
analogue of Riemann is as defined in [2] by the property that the trace of its Bianchi 
derivative vanishes and thereby yielding the divergence free A^th order analogue of the 
Einstein tensor, G^^\ It also turns out that static pure Lovelock black hole solution 
asymptotically goes over to the corresponding Einstein solution [3l H] even though 
the equation is free of the Einstein term. Not only that its temperature and entropy 
bear the universal relationship to the event horzon radius [S]. That is, entropy always 
goes as in d = 2N + 2 dimension. 

It would therefore be pertinent to probe this universality of the Lovelock gravity 
in various situations. Here we wish to employ the product spacetimes of constant 
curvature for this purpose. We would consider spacetimes Ad'^ = x S*^"^, product 
of two spaces of constant curvature (the former is dS/AdS/flat while the latter is a 
sphere or hyperboloid of constant radius, or Euclidean space). For this ansatz in 
4 dimension, there are two well known solutions described by the Nariai metric [6] 
representing the A-vacuum when the curvatures are equal, ki = k2 and the Robinson- 
Bertotti [71 E] metric describing the uniform electric field when the curvatures are 
equal and opposite, ki = — /c2. It turns out that the Nariai metric, unlike dS/AdS is 
not conformally flat while the Bertotti-Robinson (BR) unlike other Einstein-Maxwell 
solutions is indeed conformally flat. We would now like to study their analogues in 
the pure Lovelock gravity to establish their universality. 

The paper is organised as follows. In the next section we set up the Lovelock 
framework for the general case that includes both Nariai and BR solutions which is 
followed by establishment of their universality in d = 2A^+2 dimension and discussion 
of some particular cases. Next we shall discuss some new solutions, for instance it is 
possible to have a non-trivial solution even in the critical odd dimension d = 2N + 1 
with a finetuning between A and electric field. There also occur some interesting 
pure Lovelock vacuum spacetimes corresponding to one of the curvatures vanishing. 
In section 5, we make a thorough analysis of the Einstein-Gauss-Bonnet case with 
cosmological constant. We conclude with a discussion. 
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2 Nariai-Bertotti- Robinson solutions for the gen- 
eral Lovelock Lagrangian 

The general Lovelock Lagrangian in d dimensions is a polynomial of the Riemman 
tensor 

N 



1 (d-2p-l)! 

24^^ (d-iy. ^'-'^ 

with N < |_^^J to have nontrivial dynamic^], and where Cp is a monomial of order 
P, 

r /377 A^i '/^p'^i '^P p PiCTi p Ppfp ('9 9^1 

where := y/SirGfi- We take units such that = 1. The 6 symbol is defined by 

'^p^^v;,%7.■.■.:; := {2p)\ 6^;^ • • • C,,, (2.3) 

so that it takes values and ±1. Note that Cp is a coupling constant^], with dimension 

We will look for solutions under the general ansatz 

ds'^ = -A{r) dt^ + B{r) dr^ + C(r) dnfa_^^ , (2.4) 

where ^2(^-2) is the {d — 2)-sphere. This ansatz is a consistent truncation; i.e. that 
the truncated equation of motion (EOM) of the original Lagrangian is the same as 
the EOM of the truncated Lagrangian of the theory, because there is no source in 
the EOM of the original Lagrangian to enforce the appearance of non-diagonal terms 
for the metric nor to modify the spherical symmetry of the d — 2 dimensional sector. 
Under this anzatz, the only nonvanishing components of the Riemman tensor are: 



A{r)A'{r)B'{r) + B{r) I^A'irf - 2A{r)A"{r) 

= AA{ryB{ry ' =■ 

Oa_ A'ir)C'ir) _ 

i„ C{r)B'{r)C'{r) - 2B{r)C{r)C"{r) + B{r)C'{rf 
«i« = AB{rfC{rf =■ m,h) , 



^For d = 2N the term Cn is an Euler density, which is a total divergence. 

^The factorial coefficients in (|2.ip are aimed to match for the coefficients Cp of the standard results in 
the literature. In our conventions cq = — 2A, where A is the cosmological constant, and to describe the 
Einstein- Hilbert Lagrangian we must use ci = [d — l)((i — 2). 
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with a,b = 2,3,...,d — 2. The density factor becomes (up to the volume of the 
{d — 2)-sphere, here irrelevant) 

d-2 



-9 



^jA{r)B{r)C{r)— . 



Plugging these components into (|2.2p we obtain a Lagrangian in terms of the fields 
A{r) , B {r) , C {r) . Defining 



{d-2p-iy. 

Jd^ 



r (rl \ — ^ ' r I 



we obtain 



{d-2p){d- 1) 

+ 4p{p - 1)D{0, a)D{l, a) + 2p{d - 2p)D{a, b){D{0, a) + D{l,a)) 

+ {d-2p-l){d-2p)D{a,bf)) . (2.6) 



Now the truncation of (|2.ip becomes 

N 

= ^CpC^{d,p) . 

p=0 

A source of constant electric field in the radial direction can be easily acommo- 
dated in the framework (|2.4p . The Maxwell Lagrangian —^F^yQ^^Pg'^'^Fpfj becomes, 
for Foi = E, 



2A{r)B{r) 
where E"^ is just the square of E. 

Had we considered an hyperboloid instead of a sphere in ()2.4p . the only difference 
would have been that C(r) — )■ —C{r) in (j2.5p . In general we consider the product 
spacetime M'^ = x S'^"^ where S*^"^ is of constant curvature. Then the EOM 
demand that is also of constant curvature, dS/AdS/?^a.i [9]. We then write the 
metric, 

ds^ = -(1 - kir"^) dt^ + YZk^ ^''^ ^ (2.8) 

where in the last term if 5](^_2) is the sphere <S'(^_2) we will use the plus sign and 
k2 > 0, whereas if S((^_2) is the hyperboloid -ff(rf_2) we will use the minus sign and 
k2 < 0. In both cases the EOM take the same form 

J2id - 2p - l)c, - ^^-^E' = , (2.9) 

p=0 
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and 

(2 p Cp fcf h+Y,{d-2p-l){d-2p- 2)cp kl + ilnlM^^a ^ q _ 10) 

p=l p=0 
For generic values of the coefficents one can isolate ki , 

E,lo(rf - 2p - l)(d - 2p - 2)c, fcf + (^^iilMzg) j^^ 
fci = jj , (^-llj 

with k2 > for the spherical case and ^2 < for the hyperboloid case. Actually, 
the case A;2 = is also described by these equations (12. 9p and (12.10p . In fact, k2 = 
means that the sphere or the hyperbolid has become Euclidean space (the curvature 
radius becoming infinite), and the ansatz (|2.8p is no longer convenient. It must be 
modified with dE'^^^^) for the last term. Then one can check that the EOM for 
the Euclidean case coincide with the EOM (|2.9p and (|2.10p when k2 = 0, that is, 
£2 + 4A = 0, and {d - l){d - 2){E'^ - + Aciki = 0. 

Summarizing, the EOM (|2.9p and (|2.10p are general for the ansatz M'^ = x 

E''"^, with = -(1 - kir'^) dt^ H \ — ^ dr^ , and S'^"^ being the constant cur- 

1 — Kir^ 

vature surface: sphere, hyperboloid or Euclidean space. 



The A vacuum Nariai solution for the Einstein-Lovelock gravity has been consid- 
ered in |10| and it follows from ()2.9p and (|2.1ip in the limit E = By eliminating E 
or A, we can also write 



Elo(^-2p-l)(d-J!^-2)cpfcf 



2-jp=i P "-p '^2 



(2.12) 



or 



^ l^p=iPCpk^ ^ 2}_^p^^pcpk^ 

The remaining EOM is that of the electromagnetic field. It is straighforward to verify 
that EOM for the Maxwell field ^^{^J —gF^^^) = is trivally satisfied for constant 
Fqi = E. This is the general electrovac Einstein-Lovelock solution (with sum over Cp) 
which is the electromagnetic (Bertotti-Robinson) generalization of the Nariai solution 
obtained in |10) . 

In the next section, we shall specialize to the pure Lovelock gravity and then 
establish the universality of these solutions in d = 2A^ -|- 2 dimension. 
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3 Universality of the pure Lovelock solutions in 

d=2N + 2 and d = 2N + 1 dimension 

For the Lovelock solutions we have cq = — 2A and only cn 7^ 0. To be specific, we 
will consider cat > 0, then eq. (|2.9p gives 



and eq. (f2lT]) . 



Tp2 

{d-2N -l)cNk^ = 2{d-l){K + —) (3.14) 



= Jd-2N-m-2N-2) jd-m 2)E^ 

2N 2NcNk^-^ 2 ^ ^ ^ 

Alternatively, using eq. (|3.14p to eliminate either E'^ or A, ki can also be written as 

-2{d-l){d-2)A + {d-2N -l){d- N -2)cNk^ 
'~ NcNk^-' 

^id-2N-l^k.- ^'-'^^'-jf . (3.16) 

ZiV Cat K2 

3.1 2N+2 

Now for d = 2N + 2 we can combine ki and /c2 together in one equation. After some 
simple manipulations we write 

fci + fc2 = 4A( ^^^'^ )fc,^"^ (3.17) 

CAT 

k, -k2 = -E^ (^^^) kl-"" (3.18) 

CAT 

and therefore 

{ki + k2)E^ = -A{ki-k2)K. (3.19) 

It is interesting to see that eq. ()3.19p beautifully demonstrates universality of the 
generalized Nariai and Bertotti-Robinson solution as it is ki = k2 for the former while 
k= — k2 for the latter in all d = 2N + 2 dimension. Eq. (l3.19p remains true for all 
d = 2N + 2 dimension. We get the same relations between the two curvatures for the 
generalized solutions \n d = 2N + 2 dimension as that for the original 4-dimensional 
Nariai and Bertotti-Robinson solutions. For the former, = 0, it is always ki = k2 
while for the latter ki = — /c2 when A = 0. 

The critical condition is E^ > which requires k^-^{k2 -ki) > and we have 
the following cases: 
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(a) k2 > 0. Then ki < k2 and A > for k2 > \ki\ and vice versa for ^2 < \ki\. 

(b) k2 < 0. Then if is odd, ki < 0, > \k2\, and A < 0, and if is even, 
then for ki > \k2\, A < and for |A;i| < |A;2|, A > 0. 

(c) k2 = 0. Either N = 1, then E"^ = -4A = -ki, ki < 0, or N ^ 1, then 
E = A = and ki remains arbitrary. The former generahzes a Plebanski-Hacyan 
solution found in d = 4 |12| . The latter is indeed a very simple and interesting 
spacetime which is an exact solution of pure Lovelock vacuum equation. We may 
wonder what does it represent as there is no visible source for it in terms of mass, 
electric field or A except the undetermined constant curvature ki of [dS / AdS)2- This 
is similar to a black hole in the usual 4 dimensional spacetime as a Gauss-Bonnet 
vacuum soultion of 6-dimensional product spacetime Jvl^ x T? where the latter is a 
space of constant curvature |13| . In this solution is completely free of any matter 
and however the black hole is caused by the constant curvature of 2-space and A and 
their specific finetuning with the Gauss-Bonnet coupling constant a. Here the con- 
stant curvature of the lower dimensional spacetime produces a pure Lovelock vacuum 
of the entire (i- dimensional spacetime. It is the pure Lovelock vacuum solution which 
is a product spacetime, {dS / AdS)2 x E'^~'^. We shall take it and the other similar 
cases separately later. 

(d) A;i = 0. Then E^ = 4A = ( — — — ) A;^ and so ko > or N even. The case 
with k2 > also generalizes another Plebanski-Hacyan solution in d = 4, |12| . 
The case, ki = and k2 > 0, has also been studied as a string dust distribution where 
p = —pr = k2 as an electrogravity dual of flat spacetime [9] without A and E. 

3.2 d=2N+l 

Then we have 

E' = -^A = -'-^§^, A<0. (3.20) 

For > 0, if fci < 0, A;2 > or iV odd, while for ki > 0, N even and k2 < 0. As 
before the interesting vacuum solutions occur for > 1 where one can have either 
fci = or A;2 = for which both E and A vanish. These solutions will be taken up 
separately later. 
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4 Pure Lovelock solutions in general 



4.1 N = l 

In this case, analysis of eq. (j3.14p and eq. p.lSp gives 

sign {k2) = sign (A + — ) 



sign(A;i) = sign(A- (d-3) — ), (4.21) 



and we infer 



^2 

A > (d - 3)— =^ k2>0, ki>0 

^2 ^2 

— — < A < {d - 3)— =^ k2>0, ki<0 

^2 

A < — — =^ k2<0, ki <0. (4.22) 
Note also that the Minkowski background {ki = k2 = 0) is only attainable for A = 

^2 = 0. 



4.2 N >1 

Let us consider first the case A + ^ = 0. Eq.dUl imposes then k2 = 0, and 
consistency with eq. (|3.14p demands A = £^ = with ki remaining arbitrary. 

In the case A + 7^ 0, A;2 is obtained from eq. ()3.14p . Isolating cn from eq. (|3.14p 
and inserting it in eq. ()3.16p one obtains for ki, as function of /c2, A and E'^, 

d-2N -I /(d- N -2)E^ -mA\, 



Keeping with A+-^ ^ 0, eq. (j3.14p allows for a straightforward analysis of different 
cases for k\, k2- Instead, we will discuss the generalization of the Nariai and Bertotti- 
Robinson solutions. 

4.3 Nariai and Bertotti-Robinson solutions 

Now we specialize to the case where either E vanishes (Nairai solutions) or A vanishes 
(Bertotti-Robinson solutions). One can rewrite eq. ()4.23p as 

(fci + id-2N-l){d-N-2) ^2 ^ _^ _ _ 2iV _ 1) k2) A , (4.24) 
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which is a generahzatioii of eq. (|3.19p . We obtain: 



Nariai solutions : ki = {d — 2N — 1) k2 , 

(d-2N -l)(d- N -2) , 
Bertotti— Robinson solutions : ki = — k2 ■ (4.25) 

4.4 Conformally flat solutions for pure Lovelock 



It is easy to see that for the metric (12.8p . the Weyl curvature is proportional to 
ki + k2 and hence it can only vanish when ki + k2 = which was the condition for 
the Bertotti-Robinson soultion describing a uniform electric field in the 4-dimensional 
spacetime. 

Using eq. ()4.23p we infer, 

^ r 1. ^ ■ /, , N . (d-2N -2)(d- N -1) 
Conformally nat spacetime : (ki + K2 = 0) <^=> A = — — , 

(4.26) 

which contains as a particular case the Bertotti-Robinson solution (A = 0) for d = 
2N + 2. It is clear from eq. ([05|) that when + 4A = 0, then d = 2iV + 1 and it 
would be conformally flat if in addition ki + k2 = 0, then in view of eq. (j3.20p . either 
ki < or N is even so as to keep E'^ > 0. 

5 Nariai and Bertotti-Robinson solutions for Ein- 
stein-Gauss-Bonnet gravity 

Let is apply the general equations ()2.9p and ()2.1ip to the case iV = 2 in arbitrary 
(i > 6 dimensions. Taking cq = —2A, ci = (d — l)((i — 2), and C2 = (d — l)((i — 2)((i — 
3)(d — 4) a, the Lagrangian (j2.ip with the Maxwell term is 

^ = - 2A + i? + a (i?2 _ 4i?/i2,^ + R^.P'^Rp^n - -^F^.g^^Pg'^'' Fp,) . (5.27) 

Then the EOM give, 

£;2 + 4A 



h 



{d - 2){d - 3) ± ^/{d - 3){d - 2) {{d - 2){d - 3) + 2{d -5){d- 4){E^ + 4A)a) 
which requires 

{d -2){d-3) + 2{d -5){d- A){E^ + 4A)a > (5.28) 



for k2 to be real, and ki is given by 

2{d - 4){d - 3)k2{{d -6){d- 5)k2 a + l)+E^ -AA 



ki 



8(d-4)((f-3)A;2a + 4 



Now since we have the additional GB coupling parameter, a, which allows much 
room for manipulation to have various possibilities of conformally flat solutions by 
appropriately fine tuning A and a. The conformally flat condition (fci + ^2 =0) 
implies a relationship among the parameters A, a and E'^ and we write 

2(d - 2f(did - 7) + 14)((d - 4)^2 _ 

a — 



{d - 3)(d - 4) ({d -3){d- 6)^2 _ _ 4)^ 
which satisfies (j5.28p and 

8{d - 4)A - {d - 3){d - 6)E^ 



ki = -/ci 



2(d-2)(d(d-7) + 14) 



Note that the requirement ki ^ guarantees that a is well defined. In particular we 
see that even in absence of the electric field, a conformally flat solution exists with 

_ (d-2)2(d(d-7) + 14) 
" ~ 8(d-3)(d-4)3A ■ 

For d = 6 we obtain, for the conformally flat condition 

2A + SA^a -E^ = 0, 

and ^ 

h = -ki = — . 

Notice the critical case Aa = — |, which yields a conformally flat solution and yet 
^ = 0. 



6 Special vacuum solutions arising 

As we have seen above in Sees 3.1 and 3.2, there occur special cases when one of 
the curvatures vanishes while the other remains undetermined with both E and A 
vanishing and yet the spacetime not being trivially flat. They therefore represent 
pure Lovelock vacuum solutions for d = 2N + 1, 2A^ + 2 for > 1. We thus have for 

^2 =0, 

ds^ = -(1 - kir'^)dt^ + dr2/(l - k^) + dEl_^ (6.29) 
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for d = 2N + 2 and > 1, with ki remaining arbitrary. This will therefore cover 
only d = 6,8,..., even dimensional spacetimes. While in the case oi d = 2N + 1 
and > 1, we can have either ki or k2 zero and hence it gives rise to the following 
vacuum spacetimes: First for ^2 = 0, 

ds'^ = -(1 - kir'^)dt^ + drV(l - kir"^) + dEj_2 (6.30) 

and so it will cover odd dimensions, d = 5,7, the complement of the above case of 
even dimensions. For ki = 0, 

ds^ = -dt^ + dr^ + i^dSLo (6.31) 
k2 

and again only for the odd dimensions, d = 5, 7, 

Thus combining the two, there exist pure Lovelock vacuum solutions of the type 
{dS/AdS)2 X E'^~'^ in all dimensions d > 4 while of the type M"^ x S'^^^ (where 
Ai^ is the Minkowski flat) can occur only in the odd dimensions d > A. It would 
be interesting to see whether these simple pure Lovelock vacuum solutions find some 
applications. Of its own it is rather intriguing that constant curvature of the lower 
dimensional space is an exact solution of the pure Lovelock vacuum equation for the 
whole spacetime. 

7 Discussion 

We have studied here the generalization of the Nariai and Bertotti- Robinson solutions 
in the pure Lovelock gravity. There exist the generalized solution with both E and 
A present. It turns out that these solutions have the universal characterization for 
d = 2N + 2 dimension. That is, the Nariai is always characterized by the condition, 
ki = k2 while it is ki = —k2 for the Bertotti- Robinson. This is in line with the 
general view that the general gravitational behaviour is universal for pure Lovelock 
gravity in ti = 2A^ + 1, 2A^ + 2 dimensions. In d = 2A^ + 1 dimension, the solution 
exists for E"^ = — 4A. For the particular cases of one of the curvatures vanishing, the 
solutions are generalizations of their 4 dimensional Plebanski-Hacyan analogues |11) . 

We have also studied the generalization of thee solutions for pure Lovelock gravi- 
ties and the conditions for these solutions to be conformally flat. The case of Einstein- 
Guass-Bonnet gravity has been considered in full generality. 
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There also arise a very interesting case of both E = A = yet the spacetime is 
non-trivial. It is in fact the pure Lovelock vacuum solution with k2 = with arbi- 
trary ki. It is {dS / AdS)2 x spacetime which is the d-dimensional pure Lovelock 
vacuum m. d = 2N + 2 dimension for > 1. Note that it is [dS / AdS)2 which is the 
source of this vacuum spacetime. For d+2N+l and iV > 1, there exist similar vacuum 
solutions for either of the curvatures, /ci, k2 vanishing. These are very simple vacuum 
spacetimes and it would be interesting if they may find some applications somewhere. 

The Nariai and Bertotti-robinson solutions are very simple spacetimes which have 
attracted attention as limiting cases in many situations. The latter finds applications 
in various contexts as it is supposed to approximate a region near degenerate horizon 
of an extreme Reissner-Nordstrom black hole |14] as well as it could represent the 
interaction region of the Bell-Szekeres metric describing collison of shock electromag- 
netic plane waves |12| . The Nariai is a non-singular spherically symmetric homoge- 
neous universe |15| . Nariai and anti-Nariai spacetimes have also been considered as 
limits of Schwarzschild-dS or topological black holes |16| 117). The Bertotti- Robinson 
spacetime has also been used for building a model of wormhole in gluing together 
two Reissner-Nordstrom spacetimes |18) . What it indicates is such special simple 
spacetimes are very useful in appropriating in the limit many complex situations and 
therby they facilitate physical understanding. It is hoped that the pure Lovelock gen- 
eralizations of these as well as some new simple vacuum solutions that we have found 
may similarly prove useful and insightful in understanding complexities of gravity in 
higher dimensions. 
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